
                                               
  

 

 

B.SC. FOURTH SEMESTER (PROGRAMME) EXAMINATIONS, 2021 

         Subject:     Mathematics                                                                                          Course ID: 42118
 Course Code: SP/MTH/401/C-1D           Course Title:  Differential Equations and Vector Calculus 

Full Marks: 40                                 Time: 2 Hours 

The figures in the margin indicate full marks 

Unless otherwise mentioned the symbols have their usual meaning 

1. Answer any FIVE of the following questions:                                                                2×5=10 

a) Illustrate by an example that a continuous function may not satisfy Lipschitz condition on a 

rectangle. 

b) Find the regular and irregular singular points of the differential equation: 

𝑥ଶ(𝑥 − 1)(𝑥 + 2)ଶ
𝑑ଶ𝑦

𝑑𝑥ଶ
+ 𝑥(𝑥ଶ + 2)

𝑑𝑦

𝑑𝑥
+ (𝑥 + 5)𝑦 = 0 

c) Calculate the values of 𝑎 ሬሬሬ⃗ .𝑏 ሬሬሬ⃗   and  𝑐 . 𝑎⃗ × 𝑏ሬ⃗   where 𝑎 ሬሬሬ⃗ ,  𝑏 ሬሬሬ⃗  and 𝑐 are defined by 

𝑎⃗ = 5𝚤 − 4𝚥 + 𝑘ሬ⃗ ;   𝑏ሬ⃗ = −4𝚤 + 3𝚥 − 2𝑘 ሬሬሬ⃗ ;     𝑐 = 𝚤 − 2𝚥 − 7𝑘ሬ⃗  

d) Convert the second order differential equation 

2
𝑑ଶ𝑦

𝑑𝑥ଶ
− 5

𝑑𝑦

𝑑𝑥
+ 4𝑦 = 0 

as a system of first order linear differential equations. 

e) If 𝑟(𝑡) = 𝑡 𝚤 − 𝑡ଶ𝚥  + (𝑡 − 1) 𝑘ሬ⃗    and  𝑠(𝑡) = 2𝑡ଶ𝚤  + 6𝑡 𝑘ሬ⃗  , show that ∫ 𝑟
ଶ

଴
. 𝑠 𝑑𝑡 = 12 

f) Find the particular solution of the differential equation 𝑦ᇱᇱ − 2𝑦ᇱ = 𝑒௫ sin 𝑥 

g) Use Wronskian to show that the functions 𝑓(𝑥) = 𝑥,  𝑔(𝑥) =  𝑥ଶ,  ℎ(𝑥) = 𝑥ଷ are 

independent. 

h) Find the values of 𝑛 for which ∇ଶ𝑟௡ = 0, where  𝑟 is the position vector of a point. 

 

2.  Answer any FOUR of the following questions:                                                              5×4=20 

a)  State the Lipschitz Condition. Show that 𝑓(𝑥, 𝑦) = 𝑥𝑦ଶ satisfies Lipschitz condition      

on the      rectangle |𝑥| ≤ 1, |𝑦| ≤ 1, but does not satisfy Lipschitz condition on the region 

|𝑥| ≤ 1, |𝑦| < ∞. 

 

b) Solve the differential equation arising in an electric circuit problem 



                                               
  

 

ቀ𝐿𝐷ଶ + 𝑅𝐷 +
ଵ

஼
ቁ 𝑄 = 𝐸଴ sin 𝜔𝑡, where 𝐷 =

ௗ

ௗ௧
; 𝑙, 𝑅, 𝐶, 𝐸଴ and 𝑤 are given constants and 

𝑄(0) = 𝑄ᇱ(0) = 0. 

c) Solve the equation  (𝐷ଶ − 2𝐷 + 1)𝑦 = 𝑥𝑒௫ by the method of undetermined 

coefficients. 

d) Find the general solution of the linear autonomous system 

𝑑𝑥

𝑑𝑡
= 3𝑥 + 𝑦,

𝑑𝑦

𝑑𝑡
= 3𝑥 − 𝑦.   

Determine the nature of the critical point of the system and also comment on the 

stability. 

e) Evaluate ∭(2𝑥 + 𝑦)𝑑𝑉 ,where V  is the closed region bounded by the cylinder 𝑧 = 4 − 𝑥ଶ 

and the planes 𝑥 = 0, 𝑦 = 0, 𝑦 = 2, and 𝑧 = 0. 

f) Verify Green’s theorem in the plane for ∮(2𝑥 − 𝑦ଷ)𝑑𝑥 − 𝑥𝑦 𝑑𝑦  on the boundary of the 

region enclosed by the circles 𝑥ଶ + 𝑦ଶ = 1 and 𝑥ଶ + 𝑦ଶ = 9. 

3.  Answer any ONE of the following questions:                                                 10×1=10 

a) (i) Verify that 𝑦ଵ = 𝑥  𝑎𝑛𝑑 𝑦ଶ = 𝑥ଶ − 1 are linearly independent solutions of the 

homogeneous equation 𝑦ᇱᇱ − ቀ
ଶ௫

௫మାଵ
ቁ 𝑦ᇱ + ቀ

ଶ

௫మାଵ
ቁ 𝑦 = 0. Then using the method of 

variation of parameters, find the general solution of the non-homogeneous differential 

equation 𝑦ᇱᇱ − ቀ
ଶ௫

௫మାଵ
ቁ 𝑦ᇱ + ቀ

ଶ

௫మାଵ
ቁ 𝑦 = 6(𝑥ଶ + 1).                                                               3+4=7 

             (ii)  Evaluate:  ଵ

஽మିଷ஽ାଶ
𝑥𝑒௫,   where 𝐷 ≡

ௗ

ௗ௫
.                                                                                       3 

b) (i) Find the power series solution in powers of (𝑥 − 1) of the initial value problem 

𝑥
ௗమ௬

ௗ௫మ
+

ௗ௬

ௗ௫
+ 2y = 0, 𝑦 = 2 and 

ௗ௬

ௗ௫
= 4at  𝑥 = 1.                                                                      6 

(ii) Find the directional derivative of the divergence of 𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝚤̂ + x𝑦ଶ𝚥̂ + 𝑧ଶ𝑘෠ at the 

point (2,1,2) in the direction of outer normal to the sphere 𝑥ଶ + 𝑦ଶ + 𝑧ଶ = 9.                      4 
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