
 
 

B.SC. SECOND SEMESTER (HONOURS) EXAMINATIONS, 2021 

Subject:  Mathematics                          Course ID: 22111  

Course Code: SH/MTH/201/C-3                                                                  Course Title:  Real Analysis 

Full Marks: 40                             Time: 2 Hours 

The figures in the margin indicate full marks 

Notations and symbols have their usual meaning 

1. Answer any five of the following questions:                                                      (2 x 5 = 10) 

a) Explain why the Bolzano Weierstrass theorem (for sets as well as for sequences) does not 

hold in the system of rational numbers. 

b) If no points of a set 𝑆 ⊆ ℝ are its limit points then prove that 𝑆 is at most countable.  

c) Let 𝑆 ⊆ ℝ  and 𝑆 + 𝑎 = {𝑥 + 𝑎, 𝑥 ∈ 𝑆, 𝑎 ∈ ℝ}. Show that sup(𝑆 + 𝑎) = sup 𝑆 + 𝑎. 

d) Prove that if 𝑥 is an arbitrary real number, there is a sequence {𝑟௡}௡ of rational numbers 

converging to 𝑥. 

e) Give an example with justification of a set in ℝ which is neither open nor closed. 

f) Show that the sequence { 𝑆௡ } is convergent where 𝑆௡ =  
ଵ

ଵ!
+

ଵ

ଶ!
+ ⋯ +

ଵ

௡!
. 

g) Check whether the sequence {𝑆௡} where 𝑆௡ାଵ =  √3𝑆௡ and 𝑆ଵ = 1 is bounded and 

monotonic. 

h) Test the convergence of the series  ଵ

ଵ.ଶ.ଷ
+ 

ଵ

ଶ.ଷ.ସ
+  

ଵ

ଷ.ସ.ହ
+ ⋯ 

2. Answer any  four of the following questions:                                                      (5 x 4= 20) 

a) Using Cauchy’s integral test discuss the convergence of the following series 

෍
1

𝑛(log 𝑛)௣

∞

௡ୀଶ

 

for different values of 𝑝. 

b) Let 𝐴 be a nonempty subset of ℝ and 𝑥 be any real number. Let us define 

 𝑑(𝑥, 𝐴)  =  𝑖𝑛𝑓 {|𝑥 − 𝑎| ∶  𝑎 𝝐𝐴 }.  Show that 𝑑(𝑥, 𝐴)  =  0 if and only if  𝝐𝐴̅ , where 𝐴̅ 

denotes the closure of 𝐴. 

c) Discuss the convergence or divergence of {𝑥௡}௡ where 

𝑥௡ =
𝛼௡ − 𝛽௡

𝛼௡ + 𝛽௡
 

where  and  are real numbers such that |𝛼| ≠ |𝛽|. 

d) Let 𝑆ଵ = {𝑥 ∈ ℝ ∶  sin 𝑥 = 0} and 𝑆ଶ = ቄ𝑥 ∈ ℝ ∶  cos
ଵ

௫
= 0ቅ. Test whether the sets 𝑆ଵ and 

𝑆ଶ are open or closed. 



 
 

e) If {𝑃௡}௡ is a monotone non-increasing sequence of positive terms such that lim௡→∞ 𝑃௡ = 0, 

show that the series 

𝑃ଵ −
1

2
(𝑃ଵ + 𝑃ଷ) +

1

3
(𝑃ଵ + 𝑃ଷ + 𝑃ହ) + ⋯ 

is convergent. 

f) If 𝑥 ∈ ℝା then show that there exists 𝑎 ∈ ℝ such that 𝑎ଶ = 𝑥 where ℝା is the set of all 

positive real numbers. 

3.  Answer any one of the following questions:                                                 (10 x 1 = 10) 

a) (i) Without assuming any theorem or result,  prove that every closed subset of a compact 

set is a compact set.                                                                                                   

(ii) Suppose that {𝑆௡}௡ is a sequence for which there exists a constant c such that 

∀ 𝑛 ∈ ℕ, |𝑆௡ାଵ − 𝑆௡| <
𝑐

2௡
. 

Show that {𝑆௡}௡ is a Cauchy sequence.                                                                                         5+5 

b) (i) Prove that a bounded sequence is convergent if and only if 𝑙𝚤𝑚തതതതത𝑎௡ = 𝑙𝑖𝑚𝑎௡ . 

(ii) Prove that every finite subset of ℝ is a closed set and it has no limit point. 

(iii) Using Cauchy’s general principle, prove that the sequence { 𝑎௡} is not convergent where 

𝑎௡ = 1 +
ଵ

ଶ
+

ଵ

ଷ
+ ⋯ + 

ଵ

௡
 .                                                                                              3+3+4 
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